Abstract. We apply the Acyclicity Theorem of [12] to establishing the existence of model category structure on categories of coalgebras over comonads arising from simplicial adjunctions, under mild conditions on the adjunction and the associated comonad. We study three concrete examples of such adjunctions where the left adjoint is comonadic and show that in each case the component of the derived unit of the comparison adjunction at any fibrant object is an isomorphism, while the component of the derived counit at any 1-connected object is a weak equivalence. To prove this last result, we explain how to construct explicit fibrant replacements for 1-connected coalgebras in the image of the canonical comparison functor from the Postnikov decompositions of their underlying simplicial sets.
Introduction
Given a comonad K = (K, ∆, ǫ) on a model category M, it is natural to ask under what conditions the associated category coAlg K of K-coalgebras admits a model category structure with respect to which the (forgetful, cofree)-adjunction
is a Quillen pair. If the comonad K arises from a Quillen pair
i.e., K = (LR, Lη R , ǫ), where η and ǫ are the unit and counit of the adjunction, then the existence of a model structure on coAlg K enables us to formulate and study the question of homotopic codescent [11] for the adjunction L ⊣ R. More precisely, if the model structure on coAlg K is well chosen, the comparison adjunction
where Can K (X) = (LX, Lη X ) and V K (Y, δ) = lim( RY Rδ / / ηRY / / RLRY ), will also be a Quillen pair, so that one can seek conditions under which the derived unit and counit are weak equivalences or, even better, under which the comparison is a Quillen equivalence.
In this article, we apply the Acyclity Theorem of [12] to establishing the existence of model category structure on categories of coalgebras over comonads arising from simplicial adjunctions, under mild conditions on the adjunction and the associated comonad. We study three concrete examples of such adjunctions, where L is comonadic, so that Can K is actually an equivalence of categories. We show that in each case the component of the derived unit of the comparison adjunction at any fibrant object is an isomorphism, while the component of the derived counit at any 1-connected object is a weak equivalence. To prove this last result, we explain how to construct explicit fibrant replacements for 1-connected coalgebras in the image of Can K from the Postnikov decompositions of their underlying simplicial sets. In one case, we also show that the derived unit is precisely the Bousfield-Kan completion map. These results refine and clarify those in [3] , [4] , and [5] .
We begin by introducing the three adjunctions of interest in this paper, then prove the general existence theorem for model structures on categories of coalgebras, which we apply to our three examples.
We refer the reader to Appendix A and to [16] for the general theory of coalgebras over a comonad. In Appendix B we recall the notions of left-and right-induced model structures and the model structure existence results of [12] that we use here.
Earlier work on special cases of model structures on categories of coalgebras can be found in [13] , [2] , and [12] , among others.
A tale of three comonads and their associated coalgebras
In this section we introduce and study three comonads K = (LR, ∆, ǫ) arising from adjunctions of the form
where sSet * denotes the category of pointed simplicial sets. We show that the left adjoint L is comonadic in each case, so that each induced comparison adjunction
is an equivalence of categories.
2.1.
The free abelian comonad on sAb. Let sAb denote the category of simplicial abelian groups. There is an adjunction (2.1.1)
where Z(X) = Z(X)/Z( * ) is the free reduced abelian group functor, and U is the forgetful functor. Let η : id → U Z denote the unit of the adjunction.
Notation 2.1.1. Let A be a simplicial abelian group. If p ∈ ZUA, then it is a formal integer linear combination of elements of the simplicial set underlying A, which we write
where γ a ∈ Z for all a ∈ A, and only finitely many of the γ a 's are nonzero. In terms of this notation, for every pointed simplicial set X,
As recalled in Appendix A, the adjunction (2.1.1) induces a comonad K = ( ZU, ∆, ǫ) on sAb that factors through the category coAlg K of K-coalgebras, as in the diagram
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where the left adjoints are on the outside of the diagram, F K is the cofree Kcoalgebra functor and U K the forgetful functor.
Recall from Appendix A that a K-coalgebra consists of a pair (A, δ), where A ∈ sAb, and δ : A −→ ZUA is a morphism in sAb such that for every a ∈ A
• (counit condition) a = ǫ • δ(a), and
If (A, δ) = ( ZX, Zη X ) for some pointed simplicial set X, then δ is determined by its restriction to X, since it is a homomorphism of simplicial abelian groups. Moreover, using the notation introduced above,
Notation 2.1.2. For any p ∈ ZX, we write
Remark 2.1.3. It follows from the counit condition that
while the coassociativity condition implies that
Since this is an equation in a free abelian group, and the counitality condition implies that δ(q) = δ(q ′ ) if q = q ′ , it follows that for each q such that γ p,q = 0, δ(q) must be a monomial of the form [r] in ZU ZX. On the other hand, the counitality condition implies that if δ(q) = [r], then r = q. If follows that δ(q) = [q] for every q ∈ ZX for which there exists p ∈ ZX such that γ p,q = 0.
Proof. The coaction δ is a map of simplicial abelian groups δ : A −→ ZU(A), which is a monomorphism by the counitality condition, whence A is a subgroup of a free abelian group and therefore free abelian.
Though the underlying simplicial abelian group of any K-coalgebra (A, δ) is free, the coaction map δ might be complicated. We show below, however, that A admits a basis X such that, with respect to this basis, the coaction map is given precisely by Zη X , so that there is an isomorphism of K-coalgebras (A, δ) ∼ = ( ZX, Zη X ).
Definition 2.1.5. We say that a free simplicial abelian group is of finite type if it is finitely generated in each degree. A K-coalgebra is of finite type if its underlying free simplicial abelian group is of finite type. Notation 2.1.6. Let X be a pointed simplicial set. For any p ∈ ZX, let
For any finite subset W ⊂ ZX, let
Let G p and G W denote the simplicial subsets of ZX generated by G p and G W , i.e., their closures under faces and degeneracies.
Remark 2.1.7. Note that for any p ∈ ZX, G p is a finite set of elements in ZX in the same dimension as p and that G p is of finite type. 
Since the q's are pairwise distinct, which implies that [q] | q ∈ G W is linearly independent, it follows that α q = 0 for all q ∈ G W .
Lemma 2.1.10. Let ( ZX, δ) be a K-coalgebra. For any finite subset W ⊂ ZX,
Note that (2) implies that ( Z G W , Zη GW ) is a sub K-coalgebra of ( ZX, δ).
Proof.
(1) This is a consequence of counitality, which implies that p = q∈GW γ p,q q.
(2) It follows from Remark 2.1.8 that Proof. Let ( ZX, δ) be a K-coalgebra. Let P X denote the poset of finite subsets of ZX, which is a filtered category, and consider the functor
We claim that ( ZX, δ) ∼ = colim PX G.
To prove this claim, we show that ( ZX, δ) satisfies the required universal property.
Theorem 2.1.12. The adjunction
Proof. First notice that since the unit of the adjunction is an isomorphism
the functor Can K is faithful. It follows from Proposition 2.1.11 that Can K is essentially surjective and full, thus it is an equivalence of categories.
2.2.
Comonads arising from suspension. In studying the comonads introduced in this section, we apply the following classical theorem, which is the dual of the weak version of Beck's Monadicity Theorem [6, Theorem 4.4.4] .
be an adjunction with associated comonad
If the left adjoint L preserves coreflexive equalizers and reflects isomorphisms, then L is comonadic, i.e., the comparison adjunction
is an equivalence of categories. Let S r = (S 1 ) ∧r . Let K r denote the comonad associated to the adjunction
and K ∞ the comonad associated to the adjunction
where Sp Σ denotes the category of symmetric spectra [14] .
Proposition 2.2.3. For every r, the left adjoint in the adjunction
is comonadic, and thus the adjunction
Proof. We prove first that Σ r preserves equalisers of coreflexive pairs. Let
be a coreflexive pair with equalizer E. Coreflexivity implies that f and g are both monomorphisms and therefore that the only element of X sent to the basepoint of Y is the basepoint of X. Applying Σ r preserves equalizers of coreflexive pairs, since − × S r preserves all equalizers, and both f, g are monomorphisms. It is also clear that Σ r reflects isomorphisms. Indeeed, suppose f : X −→ Y is a morphism of pointed simplicial sets such that Σ r f is an isomorphism. We want to show that f is an isomorphism. It is easy to see that f has to be surjective.
To verify that f is also injective, suppose that there exist x, x ′ ∈ X n such that
Without loss of generality, we can suppose that n ≥ r, since we can replace x and x ′ with s r−n 0
x and s r−n 0
and therefore, since Σ r f has an inverse, [
Considering any a that is not the basepoint, which must exist since n ≥ r, we conclude that x = x ′ ∈ X and thus that f is a monomorphism. It follows that f is an isomorphism and thus that Σ r reflects isomorphisms. It follows from Theorem 2.2.1 that Σ r is comonadic and therefore that the comparison adjunction is an equivalence of categories.
Since limits and colimits in the category Sp Σ of symmetric spectra are calculated objectwise, the next result follows from Proposition 2.2.3.
Corollary 2.2.4. The left adjoint in the adjunction
is comonadic and therefore
Model categories of coalgebras over comonads
In this section we provide conditions under which the category of coalgebras over a simplicial comonad inherits a model structure from the underlying category. We then revisit the three examples from the previous section, proving in each case that the comparison adjunction
which is a Quillen pair with respect to this inherited structure on the category of Kcoalgebras, is such that the components of the derived unit and counit components at appropriately connected objects are weak equivalences. In case of the free abelian comonad, we upgrade this to a Quillen equivalence on the full subcategories of 1-reduced objects and show that the derived unit map is precisely the Bousfield-Kan Z-completion map.
3.1. The general existence theorem. The proof of the following result is an easy exercise in the theory of enriched categories.
Proposition 3.1.1. Let N and M be categories that are enriched and tensored over 
is an sSet * -adjunction.
We refer the reader to [12] for an explanation of the notion of an accessible model category, which is used in the next theorem, but remark that every cofibrantly generated and locally presentable model category is accessible.
with associated comonad K on M such that the forgetful functor U K : coAlg K −→ M takes every K-coalgebra to a cofibrant object of M, the category coAlg K admits a model structure left-induced by the forgetful functor
Proof. Since the category coAlg K is locally presentable by [8, Proposition A.1.], we can apply Theorem B.0.8. Since the object of M underlying any K-coalgebra is cofibrant, it is enough to show that for any object X ∈ coAlg K a good cylinder object exists in coAlg K . Because M is a simplicial model category, cylinder objects there can be constructed by tensoring with the cylinder object for the simplicial unit S 0 . Since U K preserves tensoring with simplicial sets, good cylinder objects in coAlg K can also be constructed by tensoring with the good cylinder object of S 0 and therefore the desired left-induced model structure on coAlg K exists.
To show that the adjunction
is a Quillen pair, it is enough to check that the left adjoint preserves cofibrations and acyclic cofibrations, which is an immediate consequence of the definition of these two classes of maps in coAlg K and the commutativity of the left adjoints in the diagram above.
Below we consider again the three examples from the previous section of comonads induced by simplicial Quillen pairs, where N is the category sSet * of pointed simplicial sets endowed with the usual Kan-Quillen model structure.
3.2.
Homotopy and the free abelian comonad on sAb. Recall the comonad K = ( ZU, ∆, ǫ) on sAb from section 2.1, which gives rise to the following commuting diagram of adjunctions
where the left adjoints are on the outside of the diagram.
3.2.1. Model structure. By Theorem 2.1.12, the left diagonal adjunction is an equivalence of categories. Therefore there exists a model structure on coAlg K that is right-induced from the Kan-Quillen model structure on sSet * , i.e., weak equivalences and fibrations are created by V K . When coAlg K is equipped with this model structure, the adjunction Can K ⊣ V K is not only an equivalence of categories but also a Quillen equivalence, albeit of a rather uninteresting sort.
Thanks to Lemma 2.1.4, the adjunction
satisfies the hypotheses of the Theorem 3.1.2, so that the following result holds.
Corollary 3.2.1. There is a model structure on a category coAlg K left-induced by the forgetful functor from the injective model structure on sAb
is a Quillen pair.
Recall that in the left-induced model structure the cofibrations and weak equivalences are created by U K . Retracts of limits of towers of images under F K of fibrations (acyclic fibrations respectively) are fibrations (respectively, acyclic fibrations) in coAlg K [2] . Proof. The component of derived unit at any fibrant Y is the same as the unit of the Can K ⊣ V K -adjunction and thus an isomorphism. To show that the component of the derived counit at a 1-connected simplicial set X is a weak equivalence, we construct an explicit fibrant replacement of Can K (X) in coAlg K from a Postnikov tower for X built out of simplicial abelian groups and fibrations (of simplicial abelian groups) between them. Note that since Can K is an equivalence of categories, it preserves limits. For any abelian group A, there is a simplicial model K(A, n) of the EilenbergMacLane space of type (A, n), given by the levelwise tensor product A ⊗ Z(S n ). Note that K(A, n) is the simplicial set underlying a simplicial abelian group.
Consider the usual Postnikov tower of X. Since X is 1-connected, we can start at level 2, where we have
The next level is given by a pullback square
where the right hand map is a Kan fibration underlying a fibration of simplicial abelian groups, since the path space is obtained from a factorization (in sAb)
The procedure continues in a similar manner, giving rise to a tower of maps
where every horizontal map is the pullback of a Kan fibration underlying a fibration of simplicial abelian groups, and there is a weak equivalence X −→ lim n X n . Applying Can K to this tower, we obtain a diagram
in coAlg K where lim n Can K X n ∼ = Can K (lim n X n ), since Can K is an equivalence of categories. It follows that the natural map
is a weak equivalence because Can K is left Quillen and therefore preserves all weak equivalences, since all objects in sSet * are cofibrant. Note that Can K X 2 is fibrant in coAlg K , since it is in the image of F K . Similarly, by construction the horizontal maps are fibrations in coAlg K , since they are pullbacks of maps arising from applying F K to fibrations in sAb. Since Can K preserves all weak equivalences and limits, it follows that Can K X −→ Can K (lim n X n ) is a fibrant replacement in coAlg K for Can K X. A model of the derived counit of the Can K ⊣ V K -adjunction for our simply connected X is therefore given by
which we already know is a weak equivalence.
We can upgrade the result above to a Quillen equivalence between the categories of 1-reduced simplicial sets and 1-reduced K-coalgebras. First notice that since the categories of 1-reduced simplicial sets (sSet * 1 ), 1-reduced simplicial abelian groups (sAb 1 ), and 1-reduced K-coalgebras (coAlg K,1 ) are locally presentable, and the inclusion functors sSet * 1 −→ sSet * sAb 1 −→ sAb coAlg K,1 −→ coAlg K preserve all limits and colimits, they have both left and right adjoints. Moreover the right adjoints restrict to identity functors on the full subcategories of 1-reduced objects.
Since all the functors on sSet * , sAb, and coAlg K are defined degreewise, there is an induced diagram of functors restricted to the 1-reduced objects. Proof. Since all the categories in question are locally presentable, we can use the methods of [12] to lift the model structures.
In cases of sSet * and coAlg K , we apply Theorem B.0.8. Recall that in both cases if X is 1-reduced, then the good cylinder object for X given by tensoring with the good cylinder object for S 0 is a construction in the subcategory of 1-reduced objects. Thus in both cases there exists a good cylinder object for X in the subcategory of 1-reduced objects. Since all objects in sSet * and coAlg K are cofibrant, we can conclude for M = sSet * or M = coAlg K .
The left-induced model structure on sAb 1 exists by Theorem B.0.9, since there is a square of adjunctions
where the left adjoints commute and iU ∼ = Ui, while the previous argument provides a left-induced model structure on sSet * 1 . In fact Theorem B.0.9 provides two (potentially identical) lifted model structures on sAb 1 , one right-and one leftlifted.
Theorem 3.2.4. The adjunction
restricts to an adjunction
which is an equivalence of categories and a Quillen equivalence, when both categories are equipped with the left-lifted model structure of Lemma 3.2.3.
Proof. The restricted adjunction is clearly an equivalence of categories, since the unrestricted adjunction is. It is a Quillen pair, because the left adjoint preserves cofibrations and acyclic cofibrations. It remains to show that the derived unit and derived counit are weak equivalences, which follows from Theorem 3.2.2 and its proof, where X is 1-reduced (so in particular 1-connected). Notice that all the constructions made in the proof of Theorem 3.2.2 for 1-reduced X live in the categories of 1-reduced simplicial sets, 1-reduced abelian groups, and 1-reduced K-coalgebras, respectively.
Bousfield-Kan completion.
We now show that the derived unit of the adjunction
is exactly the Bousfield-Kan Z-completion map. The proof requires a different fibrant replacement in coAlg K from that of the proof of Theorem 3.2.2, which we construct as follows, using the restricted (or "fat") totalization functor Tot res [1, Definition 1.9] defined for a semicosimplicial object Z
• in a simplicial model category M by Tot
Here ∆ inj denotes the wide subcategory of the ordinal category ∆ where the morphisms are the injections. As in the case of totalization of a cosimplicial object [10, Section VII. 5], the restricted totalization of a semi-cosimplicial object Z • is the limit of a tower
where Tot res 0 Z • ∼ = Z 0 and for any n > 0, there is a pullback diagram
where p n is induced by the inclusion of ∂∆ n into ∆ n . In particular, there is a natural map p : Tot
in whichη is a weak equivalence by the usual "extra codegeneracy" argument. We now apply the restricted totalization functor in the case M = coAlg K , endowed with its simplicial model structure left-induced from the injective model structure on sAb by
To simplify notation, let K = ZU. Recall that ∆ : K → KK and ε : K → Id denote the comultiplication and counit of the comonad K. For any (Y, ρ) ∈ coAlg K , consider the following coaugmented semi-cosimplicial
As seen in the general case above, there exists a factorization in coAlg K
where p is a fibration because every K-coalgebra in the image of F K is fibrant in the left-induced model structure on coAlg K , which implies that 
Proof. The construction of the fibrant replacement above implies that a model for the component of the derived unit map of the adjunction Can K ⊣ V K at a pointed simplicial set X is given by the composite
Since V K is a simplicial right adjoint, and Can K ⊣ V K is an equivalence of categories,
where C • (X) is the following coaugmented restricted-cosimplicial object in sSet * :
This identification relies on the isomorphism Can
is the restriction of a cosimplicial object, the cobar construction associated to the monad on sSet * with underyling functor U Z:
Since C • (X) is Reedy fibrant in sSet * ∆ [7, Example X. 4.10(ii)], the natural map Tot res C(X) → Tot C(X) is a weak equivalence [1] . By [7, Section I.4.2] , the map X → Tot C(X) induced by η X is a model for the Z-completion of X and therefore X → V K Tot res C • (Can K X) is as well.
As in the previous section, here we used repeatedly the fact that Can K is an equivalence of categories. In particular, if Can K were not an equivalence of categories, then we would know little about how to compute limits in coAlg K .
3.3.
Homotopy and the comonads arising from suspension. In this section we concentrate on analyzing the two adjunctions
and the corresponding comonads, K r and K ∞ , and their associated categories and adjunctions.
As in the previous section, one could use the equivalence of categories V Kr or V K∞ to right-induce model structures on the categories coAlg Kr and coAlg K∞ from the Kan-Quillen model structure on sSet * , with respect to which the comparison adjunctions are trivially Quillen equivalences. Mimicking the more interesting result for sAb, we proceed instead with left-inducing model structures using Theorem 3.1.2, of which the following existence results are immediate consequences. Proof. The proof follows exactly the same lines as the proof of Theorem 3.2.2. The key is that one can build a Postnikov tower for 1-connected simplicial sets as before, and any K(π n (X), m) space can be constructed as Ω r (K(π n (X), m+r)), which is fibrant. Moreover the model for the path space P K(π n (X), m) needed for constructing the next level of the Postnikov tower can be also taken as Ω r (P K(π n (X), m+r)), since Ω r preserves cotensoring with simplicial sets and is a right Quillen functor and therefore preserves fibrations and weak equivalences between fibrant objects. Similarly, the fibration used in the pullback diagram for the next level of Postnikov tower is in the image of Ω r :
It follows that for any 1-connected simplicial set X, Can Kr (lim n X n ) is a fibrant replacement in coAlg Kr for Can Kr (X) by the same argument as in the proof of Theorem 3.2.2. Thus the component of the derived counit at any 1-connected simplicial set X is indeed a weak equivalence. Proof. A proof analogous to the one of Theorem 3.3.3 works. The only difference now is that the K(π n (X), m) are given by Ω ∞ applied to Eilenberg-MacLane spectra. The same is true for the path objects and fibrations used to build the Postnikov tower for a 1-connected simplicial set X. 
The category coAlg K of K-coalgebras is related to the underlying category M as follows.
Remark A.0.2. Let K = (K, ∆, ǫ) be a comonad on M. The forgetful functor U K : coAlg K → M admits a right adjoint
called the cofree K-coalgebra functor, which is defined on objects by
and on morphisms by The canonical K-coalgebra functor
is defined on objects by Can K (X) = (LX, Lη X ) and on morphisms by Can K (f ) = Lf. If N admits equalizers, then Can K has a right adjoint, the "primitives" functor
which is defined on objects by
The functor L is comonadic if Can K is an equivalence of categories.
Appendix B. Model category techniques
In this appendix we recall techniques from [12] for establishing the existence of induced model category structures.
Notation B.0.1. For any class of maps X in a category M, we let LLP(X) (respectively, RLP(X)) denote the class of maps having the left lifting property (respectively, the right lifting property) with respect to all maps in X. We use notation X-cof for the class of maps LLP(RLP(X)).
Definition B.0.2. A weak factorization system on a category C consists of a pair (L, R) of classes of maps so that the following conditions hold.
• Any morphism in C can be factored as a morphism in L followed by a morphism in R.
• L = LLP(R) and R = RLP(L).
In particular, if (M, F , C, W) is a model category, then (C ∩W, F ) and (C, F ∩W) are weak factorization systems. If one additional condition is satisfied, the converse holds as well. 
where the categories C and N are bicomplete. If they exist:
• the right-induced model structure on C is given by
Remark B.0.5. The adjunction (L, U ) is a Quillen pair with respect to the rightinduced model category structure on C, when it exists. Dually, the adjunction (V, R) is a Quillen pair with respect to the left-induce model category structure on N, when it exists.
Establishing an induced model category structure therefore reduces to proving the existence of appropriate weak factorization systems and checking a certain acyclicity condition. Under reasonable conditions on the categories M, C, and N, the desired rightand left-induced weak factorization systems are guaranteed to exist, so that only the acyclicity conditions remains to be checked. [12] . For the definition and general properties of an accessible model category, see [12] .
